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Abstract 

Compactifying a higher- dimensional theory defined in on an n-dimensional manifold 

A4 results in a spectrum of four-dimensional (bosonic) fields with masses = Aj, where 
— Aj are the eigenvalues of the Laplacian on the compact manifold. The question we address 
in this paper is the inverse: given the masses of the Kaluza-Klein fields in four dimensions, 
what can we say about the size and shape (i.e. the topology and the metric) of the compact 
manifold? We present some examples of isospectral manifolds (i.e., different manifolds which 
give rise to the same Kaluza-Klein mass spectrum). Some of these examples are Ricci-flat, 
complex and Kahler and so they are isospectral backgrounds for string theory. Utilizing 
results from finite spectral geometry, we also discuss the accuracy of reconstructing the 
properties of the compact manifold (e.g., its dimension, volume, and curvature etc) from 
measuring the masses of only a finite number of Kaluza-Klein modes. 
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1 Introduction 

In recent years, motivated by the brane world scenario [B !2l !Sl !ll !S1 !n| , there has been an 
enormous interest in exploring the experimental signatures of extra dimensions [7]. In the 
context of string theory, information about the size and shape of the extra dimensions could 
shed light on the nature of our string vacuum. Indeed, one of the outstanding challenges 
in connecting string theory with low energy physics is to understand how the enormous 
degeneracy of string vacua is lifted. Although the underlying mechanism which selects our 
string vacuum is unknown at present, over the years we have gained a great deal of insights 
into the physical implications of string theory by exploring compactifications of string and 
M theory on various manifolds. Since the spectrum of particles and their interactions in the 
low energy theory are determined by the size and shape of the extra dimensions, we can 
use phenomenological constraints to focus our attention on the subset of manifolds that are 
relevant in describing our observed four-dimensional physics. For example, in compactifying 
the weakly coupled heterotic string on a Calabi-Yau manifold with the standard embed- 
ding, one finds that the number of generations of chiral matter is determined by the Euler 
character whereas the Yukawa couplings are given by the intersection numbers of cycles in 
the Calabi-Yau space. In brane world models where chiral fermions arise from intersecting 
branes |H1 !ni UHl HH 1121 UHl HI! ' the number of chiral generations is again determined by a 
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topological quantity, namely, the intersection number between different D-branes ^. The ba- 
sic premise of string phenomenology is to make use of some geometrical/topological insights 
to construct string models that satisfy some basic physical requirements (e.g., models with 
three generations, the correct structure of Yukawa couplings and gauge couplings, etc) from 
which we can extract their low energy predictions. In addition to the Standard Model-like 
spectrum of light fields, different compactifications generically give rise to different spectra 
of Kaluza-Klein (KK) modes, winding modes as well as stringy states. Therefore, if we 
were able to measure the mass spectrum of these heavy modes (i.e., the size and shape 
of the extra dimensions), we could further constrain the types of compactifications. This 
is also the philosophy behind the studies of the experimental signatures of different extra 
dimension scenarios as the KK spectra are different for large extra dimensions j2], warped 
compactifications [U], compact hyperbolic manifolds [12], and etc. 

The question we address in this paper is the reverse, namely, given the mass spectrum 
of the Kaluza-Klein (KK) modes, how well can we reconstruct the extra dimensions? As we 
shall see, there exist distinct manifolds which nonetheless have the same set of eigenvalues of 
the Laplacian. Therefore, compactifications on these isospectral manifolds result in identical 
KK mass spectrum. Interestingly, some of the isospectral manifolds are Ricci-fiat, complex, 
and Kahler. Hence they provide isospectral backgrounds not only for point particles but also 
for the propagation of strings. In reality, we cannot measure the full KK spectrum and so 
perhaps a physically more relevant question is: how much information about the properties 
of a compact manifold (e.g., its dimension, volume, and curvature etc) can we extract from 
measuring the masses of a finite number of Kaluza-Klein modes? Utilizing results from the 
subject of finite spectral geometry, we obtain some quantitative estimate of the accuracy in 
reconstructing the geometrical properties (such as the dimension, volume and curvature) of 
the compact manifold. 

The fact that geometrical interpretations are not unique is not a new surprise in string 
theory - one of the notable examples of such non-uniqueness is mirror symmetry. It has 
long been conjectured f7| ^] and demonstrated by explicit examples f^l 120] that in string 
theory there are topologically distinct manifolds which give rise to identical physical models. 
The equivalence of mirror manifolds is due to the extended nature of strings - roughly 
speaking, the KK modes and the winding modes are interchanged under mirror symmetry. 
Compactifications on isospectral manifolds correspond to a simpler form of equivalence - 
the mass spectra of the KK modes and the winding modes of isospectral manifolds are 
identical individually. Therefore such equivalence holds even in the point particle {a' —>■ 0) 
limit. However, we note that unlike mirror manifolds which give rise to physical models with 
identical spectrum as well as interactions, compactifications on isospectral manifolds could 
differ at the level of interactions and so these manifolds can be disentangled with additional 
measurements such as the couplings between different KK modes. 

An important lesson drawn from the idea of deconstruction |i2Tll^ ^ is that from the mass 
spectrum of only a finite number of KK modes (the low lying modes), we cannot distinguish 
between a higher- dimensional theory and a four-dimensional gauge theory which becomes 
strongly coupled in the infrared. Here, we shall see that even the full KK mass spectrum 

^In a T-dual picture, these numbers are related to Dirac indexes |15j . that again are topological quantities. 
^Some similar ideas were considered in |22| . 
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does not give us sufficient information to reconstruct the compact manifold. 

This paper is organized as follows: in section |21 we revisit the general properties of a free 
scalar in a compact space. This will be our toy model to discuss some general properties 
of compactifications. Then, in section El we analyze the asymptotic expansion of the heat 
kernel given properties of the manifold that we can read from the spectrum of the Laplacian. 
In section HI we compute the heat kernel for some simple examples: flat tori and spheres. In 
particular, we will see how to read off different information about the manifold from these 
functions. In section we will discuss how the Laplacian acting on forms can give more 
information. Then we will describe some properties of different manifolds with the same 
spectrum, i.e. isospectral manifolds. In section [7| we will briefly describe how interactions 
can distinguish between isospectral manifolds. We then discuss the implications of isospec- 
tral manifolds to string theory: we will consider some examples of isospectral manifolds 
where the conformal theory can be constructed, e.g. flat tori. Then we will discuss some 
properties of general string backgrounds, in particular, how strings will not be able classi- 
cally to distinguish isospectral manifolds from their spectrum. Finally, in section El we will 
address the question of what can we say with only a flnite number of eigenvalues, i.e., the 
low-lying Kaluza-Klein masses. 

2 Scalar Field on a Compact Manifold 

Let us take the simplest example: consider a free scalar fleld living on i?^'^ x Ai, where we 
take to be a compact manifold without boundary of dimension n: 

(f) : R^'^ xM — >R (2.1) 

From the four dimensional perspective, we get a set of scalar flelds with a mass^ = 
Aj, where — Aj are the eigenvalues of the Laplacian operator on the compact Riemannian 
manifold, i.e. a manifold plus a metric on it {Ai,g): 

Ag(j), = -Xi(j),. (2.2) 

The eigenfunctions, 0j, can be taken to be an orthonormal basis for the harmonic func- 
tions on A4: 

/ = 5ij. (2.3) 

Jm 

The spectrum of the Laplacian operator, i.e. the set of its eigenvalues counted with the 
corresponding multiplicities {Aj}, is a discrete sequence of real positive number with the 
following properties: 

• There is a unique zero mode which is just a constant 0o = V a/Vo/(7V1), 

• The eigenvalues form a numerable, inflnite set: Aj < Aj+i, 

• The limit limj^oo Aj = oo. 



4 



The integral of the eigenf unctions in the compact space vanishes except for the zero 
mode: 

^yVol{M)5io. (2.4) 



/ 

Jm 



IM 

• In the hmit where k oo the eigenvalues Xk satisfy the Weyl asymptotic formula: 

lim = (2 

where c„ = -^^4- and Un is the volume of the unit ball in K^. Then at very high masses, 

k ^ oo, the variation of the number of eigenvalues with respect to the variation of the 
masses is: 

6N = ^^^^^m-~^6m (2.6) 

n/2 ^ ' 

as expected. If the number of dimensions is bigger the number of modes grows very 
quickly. 

Now, the questions that we would like to consider is the following: given the spectrum, 
what information about the compact manifold can we reproduce? More specifically, what 
are the geometric properties that are determined by the spectrum? Are there two or more 
Riemannian manifolds with the same spectrum (isospectral)? 



3 Heat Invariants 

Let be a smooth compact Riemannian manifold without boundary of dimension m. The 
Laplacian on this manifold has a spectrum {Aj}. Let us define the function (trace of the 
heat kernel): 

Z{t) = Y^e"'^^ (3.7) 

i 

Taking the limit t ^ of the Z{t) we get the Minakshisundaram-Peijel expansion 

Z{t) = (^Jp^(«o + ait + a,t' + ...) (3.8) 

where the Oj are some Riemannian invariant functions of the curvature tensor and its covari- 
ant derivatives ^. If the manifold has a boundary there is a term proportional to t^^"^ in the 
expansion proportional to the volume of the boundary: 



ai/2 = -^VolidM). (3.9) 



Let us consider the case without boundary. The first tree terms are: 

•^Also known in physics as the Schwinger-de Witt expansion (see 0^ for a field theory perspective of the 
heat kernel). The name varies in the literature. Besides Schwinger-de Witt and Minakshisundaram-Peijel, 
it is sometimes also called the Minakshisundaram-Seeley expansion. 

''See among others 021 ESI- 
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• The first term is just the volume of the manifold: 




(3.10) 



This term can be easily obtained by computing the heat kernel as the partition function 
of a scalar field in a quadratic approximation. That is, this term can be obtained by 
taking the heat kernel as the partition function of a free scalar field on the manifold 
and performing the path integral by expanding the fields to quadratic order. 

• The second term is the integral of the Ricci scalar: 

ai = 7 / dxy/gR, (3.11) 

• The third term is 

a2 = ^ ^ dx^{5R^ - 2R,,K^ + 2Ri,kiR''''), (3.12) 



From this expansion we can extract some information that only depends on the masses 
of the Kaluza-Klein modes: 

• The dimension of the manifold can be read off from the pole ai t = 0. The divergence 
comes from the growing of the number of modes at high energy. The higher the number 
of dimensions, the stronger is the divergence. 

• From the oq term one can obtain the volume. Similarly, in a case of a manifold with 
boundary one can obtain the volume of the boundary from the ai/2 term. 

• From the ai term we obtain the integral of the Ricci scalar. In the particular case of 
dimension 2, this integral is related (by Gauss-Bonnet) to the Euler characteristic of 
the manifold: ai = 27rx(A^)/3. Then in two dimensions the spectrum of the Laplacian 
encodes topological information - the genus. Put it in another way, two isospectral 
manifolds in 2 dimensions have the same genus. 

• The a2 term has no interpretation as a topological invariant in any dimension. The 
same is happening with the higher order terms. However, when wisely combined they 
can be used to get some topological information. That is the usual trick in some index 
theorems ^. 

In particular, two isospectral manifolds have the same dimension and volume. This 
asymptotic expansion does not contain all the topological information. For instance, a fiat 
two dimensional torus and a fiat Klein bottle have different spectrum but the asymptotic 
expansion will be the same if they have the same volume ^. In the asymptotic expansion we 

■^See, for instance, the book of Gilkey |46) . 

^AU the Gi vanish except the uq term due to the dependence on the curvature. 
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loose information that is encoded in terms of the form e''^*, where k are the lengths of closed 
geodesies. When, t — all these terms vanish like 'non-perturbative' effects. In section |S1 
this relation between closed geodesies and the heat kernel will be used to discuss the masses 
of winding states in string theory. 

In general, there are some properties that can be obtained from the spectrum, such as the 
dimension, volume, curvature, genus in dimension 2, etc. These are the audible properties. 
There are other properties that are not audible, e.g., the first homotopy group t 30| . 



4 Examples 

Now we are going to illustrate the behavior of the trace of the heat kernel and with two 
known examples. The first is a flat torus in any dimension. There the asymptotic behavior 
is particularly easy to obtain by using the Poisson resummation formula. The second example 
is the case of round spheres in any dimension where the asymptotics are a little bit more 
involved. 



4.1 Flat Tori 

The easiest example is a flat n dimensional torus. The spectrum is just: 

A„. = ^G^%.n, (4.13) 

ij 

where the are integer numbers. The heat trace is: 

= ^ e-*^'^^"'"»"^ (4.14) 

By using Poisson resummation and taking the limit t — we obtain the asymptotic expan- 
sion: 

~ 4^ (4.15) 

^ ^ (47rt)"/2 ^ ^ 

The only term that is surviving in this expansion is the first term. Higher order terms 
vanish due to the dependence on the curvature. In particular, we can deduce for the two 
dimensional torus that its Euler characteristic is zero. 

When Poisson resummation is used we can see all the 'non-perturbative' ^ terms e~''/* 
giving information about the closed geodesies (in string theory they are related to the winding 
modes). In the limit t — ^ all these terms are exponentially suppressed. 



4.2 Spheres 

Let us consider a sphere of dimension n with the usual round metric and radius 1. The 

eigenvalues of the Laplacian are = j{j + n — 1). They appear with multiplicity: degj = 

(^) - (^^^)- The heat trace is just: 

^Non-perturbative in the sense that they cannot be obtained in the smaU t expansion by perturbations 
around the zero. 
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Z{t) = J2 f^e(7ie-*^(^+"-^) (4.16) 
j 

The more familiar case of a round S"^ gives: 

= 5^(2j + l)e-*^(^+i) (4.17) 
j 

The asymptotic expansion t ^ for the two dimensional sphere is 

t/4 /"I —x/t 

Z{t) = -^ -^-^dx = (l/t+l/3 + t/15 + ...) (4.18) 
t VTct Jo sin[^x) 



In particular, one can deduce from here that the Euler characteristic is x = 2. 



For a three dimensional round sphere the asymptotic expansion gives |45j : 

Z(t) = M:^e* = M:^(l + , + ,2/2+ ) 
^ ^ {Airtf/^^ (47rt)3/2^' + ' + ' '^^-^ 

That is very easy to compute by writing: 



(4.19) 



Z{t) = + l)^e-(^--^)^-* = ^ Y.(3 + l)^e-(^--^)^ = E ^""'^ (4-20) 

i>o iez jez 

and using the Poisson resummation formula: 

Z(t) = -'^jAt-'"Y.<^-'^)- (4.21) 

That gives the correct asymptotic behavior by taking into account that the volume of a 
round 5*^ of radius 1 is Vol{M) = 27r^. 

5 Higher Forms and Other Fields 

In addition to functions, the Laplacian can also act on higher p-forms and their corresponding 
spectra can give us further information about the compact manifold. For instance, the size 
and the shape of a round sphere in any dimensions is specified by the spectrum of the 
Laplacian on functions together with the spectrum of the Laplacian on one forms |22j- 
Another information than one can get immediately are the Betti numbers, because we know 
that the number of harmonic p-forms, A^C = 0, is just the Betti number bp of the manifold 
(Hodge-de Rham theorem). So in principle, the zero modes alone, i.e. massless p-forms in 
four dimensions, can tell us the Betti numbers of the manifold. So, what is the information 
we get from higher forms? 

®That can be computed by using Mellin transform, for instance. 
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The asymptotic expansion can be carried out as in the case of functions, but now the 
coefficients are different [3312211121: 



where: 



Zpit) = (^J^^/a l^o + M + a^t^ + ...) (5.22) 



ao = c{n,p)Vol{M) 

ai = — ^ — / dxy/gR 
Jm 



«2 = / dxiciin,p)R^ + C2in,p)R,,R'^ +c-iin,p)R,,MR'"'') (5.23) 



'M 

where the coefficients can be obtained from the function: 



The coefficients are: 



H ; ) - (5.24) 



Co(n,p) = c{n,p) — 6c{n — 2,p — 1) 

Ci {n, p) = 5c(n, p) — 60c(n — 2,p — 1) + 180c(n — 4, j9 — 2) 

C2{n,p) = -2c(n,p) + 180c(n-2,p-l)- 720c(n-4,p-2) 

C3{n,p) = 2c{n,p) -30c{n-2,p-l) + 180c{n-A,p-2) (5.25) 

The non-trivial information on the manifold that is not present in the Laplacian on 
functions comes from the second term 02 that gives a different linear combination of terms 
quadratic in the curvature. 

By using Poincare duality one can relate the coefficients for p-forms to the coefficients 
for {n — p)-forms: Zp{t) = Z(^n-p){t)- So only half of the forms give us new information. 

In particular the Laplacian acting on 1-forms gives rise to the following terms: 



Ti — 6 

ai = I dx^/gR 



M 



= ^ [ dx{5R^ - 2R,,R'^ + 2RijkiR'"'') 
360 Jj^ 

[ dx^{2R^ - m^R'' + R^jkiR'^') (5.26) 

-1-2 J M 

Thus Laplacian on forms can be used to distinguish isospectral manifolds that are not 
locally isometric. If the manifolds are locally isometric, all the heat kernel asymptotics are 
the same as they depend only on the curvature. 
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6 Isospectral Manifolds 



M. Kac asked the following question in 1966 Can we hear the shape of a drum? If 

someone is playing a drum of a particular shape in another room, can we reproduce the 
shape of this drum by measuring the notes? This is a problem of finding the spectrum of a 
two-dimensional surface with Dirichlet boundary conditions. The answer is negative and was 
shown very recently in 1991 by C. Gordon, D. Webb and S. Wolpert [211 • They explicitly 
constructed a pair of drums with different shape but the same spectrum. 

Here we will consider compact manifolds without boundary. The first example of isospec- 
tral manifolds was found in 1964 by J. Milnor ^7\: two 16 dimensional flat tori ^. Later, 
other examples of flat tori were found in dimension four j2Hl 1211 • Isospectrality however is 
a rare phenomenon: almost all fiat tori are uniquely determined by the spectrum and there 
are at most finitely many tori with the same spectrum [35]. 

An example was found in 1980 jSOj which illustrated that the first homotopy group is not 
determined by the spectrum. The first examples of continuous isospectral metrics were found 
in 1984 by [SI] . Contrary to continuous isospectral metrics is the notion of spectral rigidity, 
i.e. there are no deformations of the metric that preserve the spectrum. For instance, all 
round spheres are spectrally rigid jSl]. 

There are a few Riemannian manifolds that are completely determined by their spectra: 
for instance, all the rounded spheres S"' with n < 6 That can be generalized to all the 
rounded spheres by considering not only the spectrum on functions but also on one forms 

One of the methods used to generate isospectral manifolds is the Sunada method |36j . 
The basic idea is to start with a Riemannian manifold and to quotient it by two different 
discrete subgroups of the isometries, in such a way that the actions are free and there is 
a relation between the representations Then the two orbifolds are isospectral. All the 
isospectral manifolds constructed in this way have a common Riemannian covering and they 
are always locally isometric. These manifolds can only be distinguished by global properties 
such as the first homotopy group if the two orbifold groups are not isomorphic. The Sunada 
method implies not only isospectrality on function but on p-forms |41j . 

Recently new isospectral manifolds have been constructed that are not locally isometric. 
The first example dates back to 1991 which involves a pair of isospectral manifolds with 
boundaries ^7\. In 1992 the first example of compact isospectral manifolds without boundary 
was constructed [3H] . The method used in these construction is quite different from the one 
of Sunada and does not imply local isometry. This method was used to obtain continuous 
multi-parameter families of isospectral products of spheres (of dimension bigger than three) 
and tori (of dimension bigger than one) fHU^, and some simply connected closed isospectral 

^As we will see later these are the flat tori associated with the lattices of Eg x Eg and Spin{32) algebras. 
As we all know the partition function is the same for both theories. The distinction comes in the three point 
function, i.e., the interaction. 

^"^More specifically, if there is an unitary isomorphism between the representations of the groups on L^- 
functions. Then it is easy to see that this construction gives isospectral manifolds: as the orbifold groups 
commute with the isometries, the Laplacian is invariant and the orbifold groups act on the eigenspaces of 
the Laplacian. The eigenfunctions should be invariant under the group. If the dimension of the invariant 
states are the same, then the two manifolds are isospectral. 
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manifolds jlU]- However, the heat invariants for the Laplacian operator acting on one forms 
are different. 

Recently isospectral non-locally isometric examples have been found in dimension four: 
S"^ X and other interesting examples involving continuous isospectral families of metrics 
on Lie groups [21]. In particular, the heat invariant for the Laplace operator on 1-forms 
changes. Isospectral metrics have been found for higher dimensional spheres and balls, 
Riemann surfaces of genus g > 3, and etc. 

We have seen, in analyzing the heat kernel expansion at t — >■ 0, that two isospectral 
manifolds have the same dimension (that can be read from the order of the pole at t = 0), 
the same volume (that is the constant in the first term of the expansion), the integral of the 
Ricci scalar (the second term), and so on. In same cases, such as in two dimensions, one can 
automatically read off some topological data, e.g., the Euler character. 

Furthermore, one can prove for two isospectral manifolds of dimension less than six that 
if one has constant sectional curvature , the other has constant sectional curvature as well 
HE] . In particular, if one is isometric to the standard sphere or a real projective space 
RP"' so is the other. 

It is easy to see from the heat kernel expansions that if two manifolds are isospectral for 
functions, 1 and 2-forms [32] that if one of the manifolds has constant scalar curvature or 
if it is Einstein so is the other For instance, we can ask ourselves, is there a manifold 
isospectral to a K3 that is not another K3? If this is isospectrality in functions, one-forms 
and two forms we can use this theorem and the fact that the Betti numbers are the same to 
conclude that if there is such isospectral manifold it should be another K3. 

We will see in section jS] same explicit examples of isospectral fiat tori in dimension four 
and sixteen. 

7 Field Interactions 

Previously we have considered free fields on a compact manifold. Can interactions distinguish 
isospectral manifolds? As the simplest example, let us take a single scalar field with a cubic 
interaction term: 



When reduced to four dimensions the field (p = ^ ■ aj0j is decomposed into an infinite set 
of four dimensional scalar fields Oj : R^'^ — > R, where the (pi are the eigenfunctions of the 
Laplacian operator in the compact space. The interaction term in four dimensions looks like: 



^-'^The sectional curvature is a curvature that is associated to two planes at each point. It can be defined in 
terms of the Riemann curvature as: Kij — Rijij / (gugjj — gfj)- For instance in a two dimensional manifold 
is X = Ri2i2/det{g) = R/2. 

^^That can be proved very easily by taking the 02 terms of the expansions for the different forms and 
observing that the combinations of the curvature are linearly independent. 



(7.27) 





ijk 
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Figure 1: Tree level scattering of Kaluza-Klein modes. 

where Cijk = Jj^4>i4>j4>k- The interaction with the massless fields cojk = Sjk/ ^yVol{M.) do 
not distinguish isospectral manifolds. But in general, the Cijk could make the distinction. 

Notice that the massive particles do not enter in tree level processes of massless particles 
due to the Cojk = 6jk/ ^/Vo^{Ai). For this toy model, tree level involving massless fields 
processes are blind to higher modes and in particular they cannot distinguish isospectral 
manifolds However the tree level interaction of massive modes depends on Cijk- For 
instance, one can consider the annihilation of two modes to get two other modes aj (see 
figure IH) : 

■Mii^jj ^9^Y1 ^»»fc^iifc p2 ]_ x,^ ('^•^^^ 



By using: 



one can express the amplitude in terms of a heat kernel: 



roo poo 

Mii^.j ~ y] CiikC.jk / dte-'^P'+^^^ = / dte-'p' V cukC.jke-'^'^ {7.31] 
I. Jo Jo . 



^•^This is true for our simple model involving only a scalar field. However, for more complicated cases 
involving gauge fields such as string theory on Es x Es and 50(32), even the interactions between massless 
states can distinguish between isospectral manifolds, e.g., the coupling of three gauge bosons. 
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Figure 2: Loop correction to the eigenvalues of the Laplacian. 

The higher modes enter, for instance, in the correction for the masses of the fields due 
to all the other modes circulating around a loop (see figure |21): 

M-^%4.Jj^ir^jg^ (7.32) 

One can see that the corrections can be written in terms of the function: 

Z.{t,t')=J^cl,e-''^e-'''^ (7.33) 

jk 

The difference between isospectral manifolds comes in the interaction coefficients Cijk for 
massive modes. Let us take the corrections to the mass of the lowest state: 

Zoit, f) = y-^^ ^'^'^'^"^ = + t') (7.34) 
That has the usual UV pole at short distances t + 1' — > 0: 

Zo(t,t') ——^——^ (7.35) 

UV J (47r(t + t'))"/^ 



8 Strings on Isospectral Manifolds 

In general we cannot construct the spectrum of string theory for two isospectral manifolds as 
we do not know the conformal theory description of them. However, as we have seen, there 
are some flat tori that are isospectral and non-isometric. The first known example is the 
16 dimensional tori constructed by Milnor in 1964 [27j We will analyze the isospectral 

^''These lattices are even and self-dual. As one suspects, the two lattices are the £"§ x Eg and 50(32) 
lattices |57| 021 that appear in the heterotic strings Eg x Es and SO{32)/Z2 have the same partition 
function but interactions (e.g. the algebra that they form) are different. We can only tell the difference 
between the lattices at the level of interactions. 
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four dimensional tori of I29j. Then we will make some comments about more general 
backgrounds where we do not know the conformal theory description. 



8.1 Flat Tori 

Flat tori can be constructed by the quotient of flat space EJ^ by a lattice. We will use 
isospectral lattices to describe a pair of lattices that give isospectral tori. In two dimensions 
the lattice is completely determined by the theta-series. In three dimensions the problem 
of finding two isospectral lattices is still open. The lowest dimension of two known fiat tori 
that are isospectral is in dimension four I29j. This is the case we will consider. Higher 
dimensional cases are known in 5, 6, 8, 12 and 16 dimensions. 

Let us take the 4-parameter family of isospectral 4-dimensional tori constructed in |29j. 
Let Cj, i = 1...4, a set of orthogonal vectors satisfying the normalization: 

Ci ■ Ci = (8.36) 
where ctj > 0. The lattices A± are generated by the vectors (written in the above basis): 



vf = (±3,-1,-1, 

vt = (1, ±3, 1,-1) 

vf = (1,-1, ±3,1) 

vf = (1,1,-1, ±3). (8.37) 



The two lattices A± are isospectral. 
The metrics on these lattices are: 



Gf^=vt-vf (8.38) 



So the Kaluza-Klein modes, rii plus the winding modes, m\ have masses: 

a 

a 



m2 = G'^mrij + -^m'm^ (8.39) 



The dual lattice of with lengths is with lengths a'^ = l/ctj. One can eas- 
ily see that they are also isospectral. So string theory cannot distinguish between this 
pair of isospectral manifolds. In other words, if the lattices of momenta and windings are 
(A+(aj), A~(l/ai)), the isospectral lattices are (A~(aj), A"'"(l/ai)). The operation of map- 
ping isospectral manifolds commutes with T-duahty and so the set of dualities on the torus 
is enlarged. 



8.2 Winding Modes 

In general, we do not have a conformal field theory description of two isospectral manifolds 
as the flat tori we have seen before, so the question for the general case of two isospectral 
metrics is still open. 

Let us first address the following question: can winding modes distinguish isospectral 
manifolds? Classically strings can wrap closed geodesic curves. The mass of the states 
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associated with these strings is proportional to the lengths. We can order the closed geodesies 
Pi by the length < The sequence /(/52), ... is called the length spectrum. 

Are the length and the eigenvalue equivalent? In our particular case we are interested in 
whether the spectrum of geodesic can be deduced from the eigenvalue spectrum. 

In general, the two spectra are not equivalent But there are some cases, e.g., compact 
Riemann surfaces of genus g > 1 where the two spectra are equivalent. For torus (genus 1), 
the momentum modes determine the windings in flat cases (just Poisson resummation). 

But we are not interested in the exact equivalence between the two spectra but in the 
possible distinction of two isospectral manifolds from the classical winding states. For that, 
the theorem of Colin de Verdiere on closed geodesies |SH] is very useful. Under the generic 
assumption that the set of closed geodesies are isolated and non-degenerated, it is proved 
that the eigenvalues of the Laplacian determine the spectrum of lengths of closed geodesies. 
So in a generic case, classical winding states cannot distinguish isospectral manifolds. 

9 What can we extract from a finite number of eigenvalues? 

We have seen that even we cannot determine the complete geometry of a manifold by the 
spectrum one can obtain its dimension, volume, and etc. We can then wonder what kind of 
information about the manifold can we obtain with only a finite number of eigenvalues (the 
low-lying ones). There are several ways of understanding this problem. 

The first point of view is the one taken in the subject of finite spectral geometry We 
can try to estimate the dimension, volume or some constraints on the curvature. What are 
then the properties of a manifold that we can estimate from a finite number of eigenvalues? 
How many eigenvalues do we need to estimate them with some given accuracy? 

The second viewpoint is more physical. In general, when we are measuring the properties 
of an object, we use some scale and we define various properties of this object (like the volume, 
for instance) at this scale That scale is given in our case by the wavelength of the particle 
that is propagating in the manifold, which is of the order of the inverse of the mass of this 
particle. Very massive particles can give very detail information about the structure of the 
manifold (see figure 01). Now imagine we want to measure the volume of our manifold. Using 
only the long wavelength modes we get an estimation of it at this scale. Taking into account 
higher order modes we can refine our measuring. From this point of view it is preferable 
to talk about the volume at some scale rather than the true volume (whatever it is) since 
perhaps the latter can never be defined. 

The two viewpoints are very different but complementary. The viewpoint of finite spectral 
geometry assumes a fixed Riemannian manifold and by imposing bounds on some properties 
of the manifold one can obtain information about this manifold with a precision that depends 
on the bounds. The information on short scales is disregarded because of these bounds. The 
second viewpoint does not care about what is the exact structure at very small scales, like 
when we are measuring some gross properties of an object we do not care about the atomic 
structure of it, we just make a rough estimation at some scale. The second viewpoint also 

^^See, for instance, [KT] . 

^^See for instance, the article of J.M. Lee in 07] and [511 15U| . 

-•^^A similar approach has been taken in where the idea is illustrated with flat tori. 
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Figure 3: Modes give information about the manifold at some scale Aj. Higher modes Xj > Aj give 
more detailed information about the manifold, i.e. information that cannot be resolved by lower 
modes. 

suggests that one needs more eigenvalues to determine topological quantities such as the 
genus of a Riemann surface in contrast to the volume (as illustrated in figure Ej). 

As an example take a round S*^ sphere of radius R. As we have seen in the examples, 
the eigenvalues of the Laplacian are Xj = j{j + The number of solutions with an 

eigenvalue less or equal to Xj are Nj = (j + 1)^ (counting multiplicities). Imagine that 
from other measurements we find out that there are only two dimensions. From the Weyl's 
formula we can approximate the volume of the manifold as follows: 



where C2 = Air. So the masses of the fields give the following approximation to the volume of 
the manifold: SnR'^, GirR"^, IGirR'^ /3,... Converging to the actual volume of the two sphere 
AttR'^. In the more physical interpretation we can say that these values give the volume at 
different scales, but due to the convergence one can find a well defined limit 47r and higher 
orders give very little information about the volume. 

In what follows we will take the point of view of finite spectral geometry. In general we 
cannot deduce things like the number of extra dimensions, or the volume of the manifold 
without assuming something about the curvature of the manifold. That can be seen in a very 
simple example by J.M. Lee [^: consider a Riemannian manifold A4 with some spectrum 
Aj. Now take a manifold Ai x S^, where 5*^^ is a circle of radius e. The eigenvalues of the 
Laplacian on this new manifold are: Aj + n'^/e^. For e small enough, the spectrum of the two 
manifolds agree in the first eigenvalues. This is an example of a family of finite isospectral 
manifolds. So in order to get some information about the manifold from a finite part of 
the spectrum some geometric assumptions should be made. As we will see, some of these 
assumptions can be that the curvature is bounded. 

The basic idea of |1HI 1^ HO] is to take a formula involving a limit of the eigenvalues 
(like the Weyl formula or the heat trace expansion) and estimate the accuracy of measuring 
some properties of the manifold (e.g., the volume) with an error function. Let us take, for 
instance, the Weyl formula and let us define the error function: 




(9.40) 
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(9.41) 

Then one try to estimate E{k), i.e., to show the existence of inequahties of the form 
E{k) < f{k,Ci), where the q are some quantities with a definite geometric meaning. For 
instance, the theorem of Li and Yau 48^ for convex Euchdean domains of fixed dimension 
(domains of where every two points are connected by a geodesic in the domain) says 
that there is a number N such that higher modes k > N satisfy E{k) < e. The number 
N of eigenvalues needed to measure the volume of the domain depends only on e and the 
eigenvalues k < N. 

One can repeat the argument for the heat trace and try to find some bound for the 
volume of a closed manifold. That is done in jSH EO] by considering manifolds with some 
bound on the Ricci curvature, sectional curvatures, and so on. 

In particular, we can get some bounds on the number of eigenvalues needed to obtain 
the dimension. Let us suppose to be a connected, compact Riemann manifold without 
boundary with sectional curvature bounded from above and below b > Rsect > k > 0, 
then there is a value of the low-lying eigenvalues from the spectrum of Ai such that the 
dimension is determined by them. 

Another piece of interesting information is the spectral gap, i.e. the first eigenvalue 
Ai^^. For instance, take the classical estimate of Lichnerowicz jHS]: if the Ricci curvature is 
bounded from bellow by-R> (n — 1)k>0, where n is the dimension and n is some positive 
real number, then the spectral gap is bigger than Ai > nn. This inequality becomes an 
equality only for the usual sphere jMj. But this information is completely useless if k = 0. 

More interesting is the result of Li [Sn] that says that if the Ricci scalar R > then 
the spectral gap satisfies Ai > vr^/ {2d'^) where d is the diameter of the manifold. This limit 
has been improved jSHl to Ai > vr^/d^. That tells us that if we assume that the manifold 
has a metric with non-negative Ricci scalar curvature then we can get an estimation of the 
diameter from the first eigenvalue: d > 7r/V%". 

So, let us summarize the above discussions. In general, by taking the most general 
Riemannian manifolds one cannot say what is the dimension, the volume, and so on. However 
for reasonable manifolds (avoiding strong curvature, for instance) we can establish some 
bounds on the dimension and the volume of the manifold. It would be interesting to get other 
bounds on the Euler characteristic for a Riemann surface from the asymptotic expansion of 
the heat trace. Also we have seen that interesting bounds on the diameter of the compact 
space can be obtained by the first eigenvalue, i.e. from the spectral gap, for positive Ricci 
scalar manifolds. 

Another way of understanding this is if we want to obtain same details about the compact- 
ification structure from the long wavelengths modes (i.e., the lowest modes in the spectrum), 
we have to decouple the very energetic ones. Under some conditions these very massive modes 
do not contribute and we are able to give information about the shape of the manifold. The 
dimension and the volume become audible quantities. 

^^See, for instance, 



A/c _ Cn 

~ Vol{M) 
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10 Conclusions 



In this paper we have explored many issues surrounding the question of how much informa- 
tion can one obtain from the spectrum (i.e. the masses) of the Kaluza-Klein modes. We have 
seen that one can reconstruct properties of the manifold such as the number of dimensions, 
the volume, and in some cases, like in two dimensional manifolds, topological information 
such as the genus. In reality, however, even if one day we can detect these particles, we will 
have access to only a finite number of them. In this case we discussed how one can repro- 
duce some information about the manifold if certain assumptions are taken into account. 
In particular, if we assume that the manifold has a non-negative scalar curvature, then the 
spectral gap gives us a lower bound on the size of the manifold. In general, the modes at 
some mass m = ^/X give us information about the Riemannian manifold at scale L ~ 1/ a/A. 
This wavelength puts a limit on the accuracy of our approximation. More detailed properties 
of the manifold that require a resolution smaller than L remain inaudible. 

We have also analyzed some examples of manifolds with the same Laplacian spectrum, 
i.e. isospectral manifolds. These manifolds 'sound' the same and cannot be distinguished 
by the masses of all the massive modes. In some cases where the conformal field theory 
for strings propagating in such isospectral backgrounds can be explictly constructed, we 
have seen that string theory cannot 'hear' the difference between isospectral manifolds. The 
models relevant for string compactifications that we have analyzed here are just isospectral 
flat tori. General arguments tell us that the spectrum of the Laplacian can predict the 
spectrum of closed geodesies, i.e. the classical masses of the winding modes. 

We also pointed out that although the mass spectrum cannot distinguish between isospec- 
tral manifolds, generically interactions can hear the difference between them. Furthermore, 
interactions also give rise to corrections to the masses of the eigenmodes. 

We have taken the 'very' toy model of a scalar field and p-forms on the compact manifold 
without boundary. Our analysis can be generalized to include fermions, gauge fields with non- 
trivial bundles, gravity, and etc. It would be interesting to extend our analysis to manifolds 
with boundaries since in some cases the boundaries could have the physical interpretation as 
branes Another interesting direction is to analyze the possible non- commutative deforma- 
tions of a manifold. Following the work of Connes one can find non-commutative isospectral 
deformations of a manifold that in principle are spectrally rigid, e.g., a sphere. For instance, 
it was shown in ^60^ that any compact Riemannian spin manifold whose isometry group has 
rank r > 2 admits isospectral deformations to noncommutative geometries. 

Many interesting questions remain: Can be hear the holonomy group of a manifold? Can 
we find two isospectral Calabi-Yau's? How can other fields distinguish isospectral manifolds? 
We hope to return to some of these issues in the future. 

Acknowledgments 

We thank Luis Alvarez-Gaume, Roberto Emparan, Brian Greene, Dan Kabat, Heather Lo- 
gan, Riccardo Rattazzi, Mark Trodden, Tomas Ortm and Liantao Wang for discussions. 
RR thanks the University of Wisconsin for hospitality during the initial stage of this work. 

^^For example, the cnd-of-thc- world branes in the strongly coupled hetcrotic string theory j^. 



18 



The work of GS is supported in part by funds from the University of Wisconsin. GS also 
acknowledges the hospitality of the Kavli Institute for Theoretical Physics during the final 
stage of this work. 



19 



References 



[1] P. Horava and E. Witten, "Heterotic and type I string dynamics from eleven dimen- 
sions," Nucl. Phys. B 460, 506 (1996); "Eleven-Dimensional Supergravity on a Manifold 
with Boundary," Nucl. Phys. B 475, 94 (1996). 

[2] N. Arkani-Hamed, S. Dimopoulos, G. R. Dvali, "The hierarchy problem and new dimen- 
sions at a millimeter," Phys. Lett. B 429, 263 (1998); "Phenomenology, astrophysics 
and cosmology of theories with sub-millimeter dimensions and TeV scale quantum grav- 
ity," Phys. Rev. D 59, 086004 (1999). 

I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, G. R. Dvali, "New dimensions at a 
millimeter to a Fermi and superstrings at a TeV," Phys. Lett. B 436, 257 (1998). 

[3] G. Shiu and S. H. Tye, "TeV scale superstring and extra dimensions," Phys. Rev. D 
58, 106007 (1998). 

[4] J. D. Lykken, "Weak Scale Superstrings," Phys. Rev. D 54, 3693 (1996). 

[5] A. Lukas, B. A. Ovrut, K. S. Stelle, D. Waldram, "The universe as a domain wall," 
Phys. Rev. D 59, 086001 (1999). 

[6] L. Randall and R. Sundrum, "A large mass hierarchy from a small extra dimension," 
Phys. Rev. Lett. 83, 3370 (1999); "An alternative to compactification," Phys. Rev. Lett. 
83, 4690 (1999). 

[7] For a recent review, see, e.g., J. Hewett and J. March- Russell, "Extra Dimensions 
(New)," Phys. Rev. D 66, 010001 (2002) and references therein. 

[8] M. Cvetic, G. Shiu and A. M. Uranga, "Three-family supersymmetric standard like 
models from intersecting brane worlds," Phys. Rev. Lett. 87, 201801 (2001). 

[9] M. Cvetic, G. Shiu and A. M. Uranga, "Chiral four-dimensional N = 1 supersymmetric 
type IIA orientifolds from intersecting D6-branes," Nucl. Phys. B 615, 3 (2001). 

[10] M. Cvetic, G. Shiu and A. M. Uranga, "Chiral type II orientifold constructions as M 
theory on G2 holonomy spaces" , arX iv : hep-th /0111179[ 

[11] R. Blumenhagen, L. Goerlich, B. Kors and D. Lust, "Noncommutative compactifications 
of type I strings on tori with magnetic background flux," JHEP 0010, 006 (2000). 

[12] G. Aldazabal, S. Franco, L. E. Ibanez, R. Rabadan and A. M. Uranga, "D = 4 chiral 
string compactifications from intersecting branes," J. Math. Phys. 42, 3103 (2001). 

[13] G. Aldazabal, S. Franco, L. E. Ibanez, R. Rabadan and A. M. Uranga, "Intersecting 
brane worlds," JHEP 0102, 047 (2001). 

[14] R. Blumenhagen, B. Kors and D. Lust, "Type I strings with F- and B-flux," JHEP 
0102, 030 (2001). 



20 



[15] C. Bachas, "A Way to break supersymmetry" , arXiv:hep-th/9503030 

C. Angelantonj, I. Antoniadis, E. Dudas and A. Sagnotti, "Type-I strings on 
magnetised orbifolds and brane transmutation", Phys. Lett. B 489 (2000) 223 
|arXiv:hep-th/0007090|. 

C. Angelantonj and A. Sagnotti, "Type-I vacua and brane transmutation", 
|arXiv:he"p^ 0010279( 

[16] N. Kaloper, J. March- Russell, G. D. Starkman and M. Trodden, "Compact hyperbolic 
extra dimensions: Branes, Kaluza-Klein modes and cosmology", Phys. Rev. Lett. 85, 
928 (2000), |arXiv:hep-'ph /000200l] . 

[17] L. J. Dixon, "Some World Sheet Properties Of Superstring Compactifications, On Orb- 
ifolds And Otherwise," Lectures given at the 1987 ICTP Summer Workshop in High 
Energy Phsyics and Cosmology, Trieste, Italy, Jun 29 - Aug 1, 1987. 

[18] W. Lerche, C. Vafa and N. P. Warner, "Chiral Rings In N=2 Superconformal Theories," 
Nucl. Phys. B 324, 427 (1989). 

[19] B. R. Greene and M. R. Plesser, "Duality In Calabi-Yau Moduli Space," Nucl. Phys. B 
338, 15 (1990). 

[20] P. Candelas, M. Lynker and R. Schimmrigk, "Calabi-Yau Manifolds In Weighted P(4)," 
Nucl. Phys. B 341, 383 (1990). 

[21] N. Arkani-Hamed, A. G. Cohen and H. Georgi, "(De)constructing dimensions," Phys. 
Rev. Lett. 86, 4757 (2001) |a rXiv:hep-th/0104005i . 

[22] M. B. Halpern and W. Siegel, " Electromagnetism As A Strong Interaction," Phys. Rev. 
D 11 (1975) 2967. 

[23] C. T. Hill, S. Pokorski and J. Wang, "Gauge invariant effective Lagrangian for Kaluza- 
Klein modes," Phys. Rev. D 64, 105005 (2001) |arXiv:hep-th/0104035|. 

[24] D. Schueth, "Isospectral manifolds with different local geometries", J. Reine Angew. 
Math. 534 (2001), 41 - 94, | arXiv:ma th DG/0102123|. 

[25] M. Kac, "Can we hear the shape of a drum?", Amer. Math. Monthly 73, 1966, no. 2, 
1-23. 

[26] C. Gordon, D. Webb, S. Wolpert, "Isospectral plane domains and surfaces via Rieman- 
nian orbifolds". Invent. Math. 110 (1992), 1-22. 

"You cannot hear the shape of a drum", B. Am. Math. S. 27 (1), 134-138(1992). 

[27] J. Milnor, "Eigenvalues of the Laplace operator on certain manifolds", Proc. Nat. Acad. 
Sci. USA 51 (1964), 542. 

[28] A. Schiemann, "Ein Beispiel positiv definiter quadrat ishcher Formen der Dimension 4 
mit gleichen Darstellungszahlen" , Arch. Math. (Basel) 54 (1990), 4 , 372-375. 



21 



[29] J.H. Conway and N.J. A. Sloane, "Four dimensional lattices with the same theta series" , 
International Math. Res. Notices (1992), 4, 93-96. 

[30] M.F. Vigneras, "Varietes Rimanniennes isospectrales et non isometriques" , Ann. of 
Math. 112 (1980), 21-32. 

[31] C. Gordon and E. Wilson, "Isospectral deformations of compact solvmanifolds" , J. Diff. 
Geom. 19 (1984), 241-256. 

[32] S. Tanno, "Eigenvalues of the Laplacian of Riemannian manifolds", Tohoku Math. J. 
(2) 25 (1973), 391-403. 

"A characterization of the canonical spheres by the spectrum". Math. Z. 175(1980) 
267-274. 

[33] V. Patodi, "Curvature and the fundamental solution of the heat equation", J. Indian 
Math. Soc. 34(1970), 269-285. 

[34] S. Tanno, "A characterization of the canonical spheres by the spectrum", MathZ. 175 
(1980), 3, 267-274. 

[35] S. Wolpert, "The eigenvalue spectrum as moduli for flat tori". Trans. Amer. Math. Soc. 
244(1978), 313-321. 

[36] T. Sunada, "Riemannian coverings and isospectral manifolds", Ann. of Math. 121 
(1985), 169-186. 

[37] Z.I. Szabo, "Locally non-isometric yet super isospectral spaces", Geom. Punc. Anal. 9 
(1999), 1 ,185-214. 

[38] C. S. Gordon, "Isospectral closed Riemannian manifolds which are not locally isomet- 
ric", J. Diff. Geom. 37 (1993), 639-649. 

[39] C. Gordon, R. Cornet, D. Scheth, D. Webb, E. Wilson, "Isospectral deformations of 
closed Riemannian manifolds with different scalar curvature", Ann. Inst. Fourier 48 
(1998), 2, 593-607. 

[40] D. Scheth, "Continuous famihes of isospectral metrics on simple connected manifolds", 
Ann. of Math. 149 (1999), 287-308. 

[41] D. deTurck, C. Gordon, "Isospectral deformations II: Trace formulas, metrics and po- 
tentials". Comm. on Pure and Appl. Math. 42 (1989), 1067-1095. 

[42] M. Berger, P. Gaudachon, E. Mazet, "Le Spectre d'une Variete rimannienne" , Springer- 
Verlag, 1971. 

[43] P.B. Gilkey, J.V. Leahy, J. Park, "Spectral Geometry, Riemannian Submersions, and 
the Gromov-Lawson Conjecture", Studies in Advanced Mathematics, Chapman and 
Hall,1999. 



22 



[44] G. A. Vilkovisky, "Heat kernel: Rencontre entre physiciens et mathematiciens" , CERN- 
TH-6392-92, jhttp:/ /ww w.slac.stanford.edu/ spires/find/hep/www?r=cern- th-6392-92| 
SPIRES entry, Talk at the Meeting Between Physicists and Mathematicians, Strasbourg, 
France, Dec 1991. 

H.P. McKean, I.M. Singer, "Curvature and the Eigenvalues of the Laplacian", J. Dif- 
ferential Geometry, 1 (1967), 43-69. 

P. Gilkey, "Invariance Theory, The Heat Equation, and the Atiyah-Singer Index Theo- 
rem", Mathematics Lecture Series 11, Publish or Perish, 1984. 

Progress in Inverse Spectral Geometry (S. Andersson and M. Lapidus, ed), Birkhauser- 
Verlag, Basel (1997). 

P. Li, S.T. Yau, "Estimates of eigenvalues of a Compact Riemannian Manifold", Pro- 
ceedings of Symposium in Pure Mathematics 36 (1980), 217. 

K. R. Dienes and A. Mafi, "Shadows of the Planck scale: The changing face of com- 
pactification geometry", Phys. Rev. Lett. 88 (2002) 111602 | arXiv:hep-th/011126 4|. 

J. M. Lee, "Dimension, Volume and Spectrum of a Riemannian Manifold", Illinois J. 
Math., vol. 37 (1993), 15-32. 

J. M. Lee, "Finite Inverse Spectral Geometry", Contemp. Math., 127 (1992), 85-99. 

D. Bakry and Z. Qian, "Some New Results on Eigenvectors via Dimension, Diameter 
and Ricci Curvature", Advances in Mathematics 155, 98-153(2000), 98-152. 

A. Lichnerowicz, "Geometries des Croupes des Transformations", Paris, Dunod, 1958. 

M. Obata, "Certain conditions for a Riemannian manifold to be a sphere", J. Math. 
Soc. Japan 14(1962), 333-340. 

P. Li, "A lower bound for the first eigenvalue of the Laplatian on a compact manifold", 
Indiana U. Math. J. 28(1979), 1013-1019. 

J.Q. Zhong and H.C. Yang, "On the stimate of the first eigenvalue of a compact Rie- 
mannian manifold", Sci. Sinica Ser. A 27(12) (1984), 1265-1273. 

C. S. Gordon, "The Laplace operator versus the length spectra of Riemannian mani- 
folds", in: Non-linear problems in geometry, Contemp. Math. (Amer. Math. Soc.) 51 
(1986), 63-80. 

Y. Colin de Verdiere, "Spectre du Laplacian et longueurs de geodesiques periodiques I", 
Compositio Math. 27 (1973), 83-106; II, ibid., 159-184. 

D. J. Gross, J. A. Harvey, E. J. Martinec and R. Rohm, "Heterotic String Theory. 1. 
The Free Heterotic String," Nucl. Phys. B 256, 253 (1985); "Heterotic String Theory. 
2. The Interacting Heterotic String," Nucl. Phys. B 267 (1986) 75. 



23 



[60] Alain Connes, Giovanni Landi, "Noncommutative Manifolds the Instanton Al- 
gebra and Isospectral Deformations", Commun.Matli.Phys. 221 (2001) 141-159, 

math.QA/0011194| . 

Alain Connes, "Noncommutative Geometry Year 2000", jmatli.QA/OOll 193 . 



24 



